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We investigate the behavior of genuine multipartite entanglement of paradigmatic frustrated quan-
tum spin systems. We consider six different spin models, whose frustration ranges from being very
high to very low. We find that the highly frustrated quantum spin systems are near-maximally
genuine multipartite entangled, while those with low frustration do not possess a similar definite
behavior with regard to their genuine multipartite entanglement.
I. INTRODUCTION
Many-body systems are the ideal substrates to imple-
ment quantum information processing, ranging from
state transmission to computational tasks [1, 2]. Success-
ful implementation of such protocols in many-body sys-
tems crucially depends on the behavior of quantum corre-
lations in such systems. In the last few years, it has been
realized that quantum correlations can be effectively used
to predict cooperative phenomena in many-body systems
[1–3]. Further, quantum computation protocols, such as
the cluster state quantum computation, have been pro-
posed [4], and experimentally realized in systems with a
moderate number of qubits [5]. Developments in ultrcold
atomic gases in optical lattices [6, 7] and trapped ions [8]
have enabled precise simulation of many-body Hamilto-
nians with remarkable control of system parameters.
In recent years, frustrated spin systems have received a
lot of attention due to its association with high-Tc super-
conductivity [9], and the discovery of exotic frustrated
phases [10] (cf. [11]). Frustration arises from the failure
to obtain an optimal configuration that simultaneously
minimizes the energy in all interaction links, imposed by
the Hamiltonian governing the system [12]. The inherent
constraints in a frustrated system may arise due to lat-
tice geometry, disorder, or simply from the nature of the
interactions [1, 6]. There have been several attempts to
characterize and study frustrated systems using quantum
information concepts, which include entanglement area
law (reviewed in [13]) [14, 15], fidelity [16], and quantum
discord [17] (cf. [18]). Various aspects of entanglement
have also been experimentally investigated in frustrated
quantum spin systems [19].
Most of the previous quantum information studies in
frustrated systems are restricted to bipartite quantum
correlation measures. One of the main obstacles in study-
ing beyond bipartite quantum correlation measures is the
incomputability and lack of definite characterization of
quantum correlations in a multipartite scenario. In the
present paper, we investigate the behavior of genuine
multipartite entanglement in frustrated systems by us-
ing a measure, defined in terms of a geometric quantity
[20], known as the generalized geometric measure (GGM)
[21] (cf. [22]). The GGM (G) can be efficiently com-
puted for large system size and hence, is a very use-
ful tool for measuring multipartite entanglement. We
consider six prototype frustrated models, among which
some are highly, some are moderately, and the rest are
weakly frustrated. Highly frustrated systems considered
are (i) the Ising gas with antiferromagnetic (AFM) long
range interactions and (ii) the resonating valence bond
(RVB) gas, which is a ground state of the AFM Heisen-
berg model with long range interaction. Systems with
moderate frustration that are considered here are (iii)
the 2D J1 − J2 − J3 Heisenberg model with valence
bond ground states and (iv) the Majumdar-Ghosh (MG)
model. The (v) 2D nearest neighbor (NN) AFM Heisen-
berg model with additional diagonal interactions known
as the Shastry-Sutherland (SS) model and the (vi) Ising
ring with NN interactions (some of which are frustrated)
are the weakly frustrated models considered. In our pro-
totype frustrated models, we observe that while the mul-
tiparty entanglement of highly frustrated quantum sys-
tems converge to the maximum value (G ≈ 12 ) for a large
number of spins, systems with low frustration does not
exhibit a unique behavior with respect to multipartite
entanglement. We find that moderate as well as low-
frustrated systems can have high as well as low multipar-
tite entanglement. It is known that entanglement area
law fails to characterize highly frustrated systems. On
the contrary, we find here that genuine multipartite en-
tanglement can characterize such systems. On the other
hand, unlike genuine multipartite entanglement, weakly
frustrated systems can have characteristic area laws, as
shown in [14]. Our study indicates that multipartite en-
tanglement along with the entanglement area law can
potentially characterize the entire spectrum of frustrated
spin systems.
The paper is arranged as follows. We quantify the gen-
uine multipartite entanglement by using the GGM, which
is defined in Sec. II. In Sec. III, we present a quantifica-
tion of the amount of frustration in a spin system, and
also define a cooling mechanism that is required to in-
vestigate the genuine multisite entanglement of systems
with degenerate ground states. In sections IVA–IVF, we
present the behavior of GGM in the different frustrated
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FIG. 1. (Color online.) Illustration of the definition of frustration degree in small spin systems. The first row contains
a recollection of the general definition. The quantum Hamiltonian is first “Isingized”, in the sense that we replace each
of the terms of the Hamiltonian, irrespective of whether it is one-body, two-body, three-body, etc., by an Ising interaction
term to obtain the “Isingized Hamiltonian”. The values and signs of the interaction and field strengths are kept unchanged.
This Hamiltonian is then transformed into the corresponding classical Hamiltonian by replacing the Pauli-σz matrices by the
classical Ising variables (that take values ±1). We then find the ground state configurations of this classical Hamiltonian.
For every such ground state, we find out which term in the classical Hamiltonian has a positive (negative) contribution to
the ground state energy, Hgs, for that ground state. These “positive” (“negative”) terms of the Hamiltonian tend to increase
(decrease) the Hgs, and therefore are incorporated into the “frustrated” (“non-frustrated”) parts of the Hamiltonian, for a
given ground state. The ratio of the positive and the modulus of the negative contributions, averaged over all possible ground
state configurations, form the frustration degree of the quantum Hamiltonian. In the second row, we consider, as an example,
a frustrated antiferromagnetic 3-spin periodic linear quantum system, with six degenerate ground state configurations (each
of the three schematic diagrams contain two possible configurations), both for the quantum as well as of the corresponding
classical Hamiltonian. The presence of frustration is evident from the lack of a configuration of the classical (Ising) spins leading
to a ground state energy of Hgs = −3J . The contributions from each spin-pair interaction is shown next to the interaction line
(light dashed). Each of these ground states are shown to have one positive-energy contributing (frustrating, shown in bold blue)
term and two negative-energy contributing (non-frustrating, shown in red (non-bold font)) terms. The ratio of the positive and
(modulus of) negative terms, averaged over the six possible ground states, is the frustration degree (= 1
2
), for the frustrated
3-spin quantum system. We next, in the third row, consider a 4-spin non-frustrated antiferromagnetic periodic linear quantum
system with two degenerate ground states. The absence of frustration is evident in the figure from the presence of a classical
spin configuration leading to the ground state energy Hgs = −4J . We observe that there is no positive-energy contributing
(frustrating) term for both the ground state configurations. The corresponding frustration degree is thereby zero.
systems. We conclude in Sec. V.
II. GENUINE MULTIPARTITE
ENTANGLEMENT MEASURE
The generalized geometric measure quantifies the amount
of genuine multipartite entanglement in a system [21].
An N -party pure quantum state is said to be genuinely
N -party entangled, if it is not a product across any bi-
partition. The simplest examples of genuine multipartite
entangled states are the Greenberger-Horne-Zeilinger [23]
and W [24] states. The GGM of an N -party pure quan-
tum state |ψ〉 is defined as
G(|ψ〉) = 1− Λ2max(|ψ〉), (1)
where Λmax(|ψ〉) = max |〈φ|ψ〉|. The maximization is
performed over all pure states |φ〉 that are not genuinely
N -party entangled. By definition, the measure G van-
ishes for all pure multiparty states that are not genuine
multiparty entangled and is non-zero for others. It has
been shown that G does not increase under local opera-
tions and classical communication (LOCC). It turns out
that the maximization involved in G can be simplified,
and expressed in terms of Schmidt coefficients and hence
it is possible to compute G for any state of an arbitrary
number of parties in arbitrary dimensions. The simplified
3form of the GGM of |ψ〉 reads
G(|ψ〉) = 1−max{λ2A:B|A∪B = {1, 2, . . . , N},A∩B = ∅},
(2)
where λA:B is the maximum Schmidt coefficient when we
divide the N -party state |ψ〉 into two subsystems, A and
B.
III. CHARACTERIZING FRUSTRATION
In this section, we will introduce a few tools that will
be required to characterize the frustrated systems. In
particular, we define the frustration degree, to obtain an
hierarchy among different frustrated systems.
Typically ground states of frustrated systems are
highly degenerate. To characterize the multipartite en-
tanglement of such systems, we apply a cooling mecha-
nism which is briefly described below.
A. Frustration Degree
The frustration of a spin system can be characterized us-
ing a measure, known as the frustration degree (F) [14].
Spin frustration is a classical concept (i.e., it is clearly
defined for classical spin systems) and thus connected
to a classical limit of the quantum Hamiltonian [1, 6].
The characterization of frustration degree is based on
performing a classical limit (Ising limit) of the possible
quantum system. For a quantum system with Hamilto-
nian H , a classical limit, HI can be obtained by replacing
the one-body, two-body, etc. terms, which are written in
terms of Pauli operators (~σ = (σx, σy, σz)) with their
Ising counterparts. If we take |g〉 to be a ground state
of the system, in the classical limit, the Hamiltonian HI
can be separated into H+i and H
−
j , which, respectively,
contain terms that contribute a positive or a non-positive
value to the total energy corresponding to |g〉. From the
classical concept of frustration, it is evident that the pos-
itive terms contribute to frustration in the system by try-
ing to increase the ground state energy, whereas the non-
positive terms enable non-frustrated ground state config-
urations by attempting to lower the same (see Fig. 1 for
an illustration). Hence, HI =
∑
kH
+
k +
∑
lH
−
l . The
frustration degree of the spin system, with Hamiltonian
H , can then be defined as
F = avg
∑
k〈g|H+k |g〉∑
l |〈g|H−l |g〉|
, (3)
where “avg” denotes the average over all possible ground
states, |g〉. Hence, the frustration degree is the ra-
tio of the positive value contributing (frustrating) terms
and the non-positive value contributing (non-frustrating)
terms, averaged over all possible ground state configura-
tions. The value of F ranges from 0 to 1, and the higher
the value of F , stronger is the frustration in the system
described by it. For non-frustrated systems, the value of
F is zero as there is no positive value (frustration) con-
tributing term in the Hamiltonian for any ground state
configuration (see Fig. 1).
B. Cooling Mechanism
A typical aspect of frustrated systems is the highly
degenerate ground state manifold. To investigate the en-
tanglement properties of the system, we wish to probe
its low-temperature states and to that end, we apply the
prescription of a cooling mechanism to obtain a fixed
cooled system state from the highly degenerate ground
state space [14]. The cooling method for a Hamiltonian
of N quantum spin-1/2 particles can be enumerated in
the following steps: 1) We consider the initial state to
be a fully separable state of an N -qubit system, given by
|Φ〉in = |ψ〉1|ψ〉2 . . . |ψ〉N . 2) We project the initial prod-
uct state |Φ〉in onto the ground state manifold of the
frustrated system under consideration. Hence, the final
projected state reads |Φ〉F = (
∑
i |Γ〉i〈Γ|)|Φ〉in, where|Γ〉i’s are the degenerate ground state eigenstates of the
frustrated system. This cooling mechanism is akin to
evaporative cooling in cold gas systems and quenching
in many-body physics. The entanglement properties of
the frustrated system under consideration can be investi-
gated by using |Φ〉F . However, the final state depends on
the choice of the initial state |Φ〉in. Therefore to remove
the dependence on the initial choice of states, we opti-
mize over all possible initial states. Hence, to character-
ize the genuine multipartite entanglement of the system
described the Hamiltonian HI , we define the GGM of the
final state |Φ〉F as
G(|Φ〉F ) = max
|Φ〉in
(∑
i
|Γ〉〈Γ|i
)
|Φ〉in. (4)
IV. PATTERN OF GGM FOR DIFFERENT
FRUSTRATED MODELS
We consider the six prototype frustrated models. These
prototypes are known to range from highly frustrated
systems to ones with very low frustration. It is to be
stressed here that the qualitative intensity of the frus-
tration in these systems is independent of the parame-
ter used to quantify frustration. The use of frustration
degree is limited to establish a numerical value of the
amount of frustration in these frustrated systems. The
frustration degrees for these models range from near 0 to
1. We address the question whether multipartite entan-
glement can be a useful tool to study frustrated models.
4A. The Ising Gas Model
Let us first consider the highly frustrated Ising model
with antiferromagnetic long range (LR) interactions –
the Ising gas model. The Hamiltonian for the antifer-
romagnetic Ising gas, consisting of 2m spins, is described
by
HIsing(λ) = (J/2m)(S − 2mλ)2, J > 0
where S =
∑
i σ
z
i , J > 0, and 0 ≤ λ ≤ 1. For ar-
bitrary J , λ, and m, the frustration degree is F =(
1 + 2λ− λ2 − 1/m)/(1 + λ2). For large m, and λ = 0,
F maximizes and goes to unity (F ≈ 1).
Due to the symmetry of the system, without loss
of generality, we can assume that the initial state for
cooling is the same for all 2m spins and is given by
|ψ〉in = Πi(α|0〉+ β|1〉)i, where |0〉 and |1〉 are the eigen-
states of the operator σz with eigenvalues ±1, respec-
tively. After quenching, the final state is independent of
the parameters α and β of the initial state and hence
the requirement of maximization of multipartite entan-
glement over possible initial states is not required. The
final state of 2m qubits after cooling, whose multipartite
entanglement is to be found, is given by the (unnormal-
ized) state
|ψ〉f =
∑
[[0,1]]
|0〉⊗m(1+λ) ⊗ |1〉⊗m(1−λ). (5)
where [[0, 1]] stands for all possible combinations of |0〉
and |1〉 that respects the relative density 1+λ1−λ . For max-
imum frustration, i.e. for, F = 1 (λ = 0), the coooled
state of the system has
(
2m
m
)
terms in the above super-
position.
To obtain the multipartite entanglement using the
GGM, we need to obtain the maximum of the highest
eigenvalues of all possible bipartitions in the 2m-spin
system. The eigenvalue problem, for the case of the
Ising gas model, can be solved analytically. For a spin
system with 2m spins, there are m distinct bipartitions
of the form n : 2m− n (n ≤ m). We now prove that the
maximum eigenvalue across all bipartitions is given by
the 2 : 2m− 2 partition.
Theorem. For the maximally frustrated Ising gas model
with LR AFM interactions, the maximum eigenvalue
occurs for the 2 : 2m− 2 partition.
Proof : For an arbitrary bipartite partition of the total
spins, n : 2m − n (n ≤ m), the non-zero eigenvalues
are
(
n
j
)(
2m−n
m−j
)
/
(
2m
m
)
, for j = 0,1,...,n. It can be easily
derived that the highest eigenvalue, for any n : 2m − n
bipartition, corresponds to j = n/2, for n even, and to
j = (n± 1)/2, for n odd.
Let δn be the highest eigenvalue for the partiton n :
2m − n, where n ≤ m. For an “even partition”, i.e. for
n = i with i even, and the consecutive “odd partition”
with n = i+1 (such that i+1 ≤ m), let χe/o denote the
ratio of their highest eigenvalues δn, so that
χe/o =
δi
δi+1
=
(
i
i
2
)(
2m−i
m− i
2
)
/
(
2m
m
)
(i+1
i+2
2
)(
2m−i−1
m+1− 1
2
)
/
(
2m
m
) ,
which simplifies to χe/o =
i+2
i+1 . Therefore, δi > δi+1, for
all even values of i (i + 1 ≤ m). Now we consider two
consecutive even partitions n = i (i, even) and n = i+2,
where i + 2 ≤ m. The ratio of their highest eigenvalues,
χe2/e1, is given by
χe2/e1 =
δi+2
δi
=
(i+ 2)(i+ 1)
(2m− i− 1)(2m− i) ,
which gives us χe2/e1 < 1 for all values of m and even
values of i (provided, i + 2 ≤ m). Hence, δi > δi+2.
Moreover, δ2 > δ1 =
1
2 for all m. Therefore, the
maximum eigenvalue is obtained for the smallest even
value of n. Hence the proof. 
The calculation of the GGM is straightforward after
obtaining the result that the highest eigenvalue can be
obtained by considering the 2 : 2m − 2 partition of the
Ising gas of 2m spins. The maximum eigenvalue obtained
is
(
2
1
)(
2m−2
m−1
)
/
(
2m
m
)
= m2m−1 . Hence, the GGM is given by
G = m− 1
2m− 1 . (6)
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FIG. 2. (Color online.) GGM (G) for the cooled state of the
Ising gas. The horizontal axis represents the total number
of spins, N = 2m. We observe that G increases and finally,
converges to 1
2
as N is increased. The vertical axis is dimen-
sionless, while the horizontal one is measured in spins.
The plot of G for different system size is given in Fig.
2. We observe that G increases with increasing m. For
large system size, G → 12 , and hence the ground state
is maximally genuinely multipartite entangled for this
maximally frustrated case.
5B. Resonating Valence Bond Gas
Similar to the Ising gas, another highly frustrated system
with the same frustration ratio (F ≈ 1) is the Heisen-
berg antiferromagnet with long range interactions. The
Hamiltonian is given by
HRVB = (J/2m)
m∑
i,j=1
~σi · ~σj , J > 0.
The ground states of the Hamiltonian are all the states
with total spin S = 0. To obtain the ground state, the
total 2m spins are divided equally into two sets in which
we markm spins as black (B) and the remaining as white
(W ). The ground state manifold of the Hamiltonian is
obtained if one covers all 2m spins by singlets (|ψ−〉)
from black to white spins [25]. Let us consider the initial
state as |ψ〉in = Πmi=1|ψW 〉iΠmi=1|ψB〉i. The projection
of the initial state in the S = 0 subspace leads to the
final state, which is the equal superposition of all the
possible combinations of singlet coverings from black to
white spins. The choice of the initial state is considered
to be reasonable as every spin has two orthogonal states
and there are two sublattices to be considered. Hence,
the (unnormalized) cooled state is a resonating valence
bond gas and can be written as
|ψ〉f =
∑
k
(|ψ−〉BW · · · |ψ−〉BW )k, (7)
where |ψ−〉BW denotes the singlet shared from a black to
a white spin. Each set of coverings (k) is a product of m
singlet coverings between pairs of black and white spins.
The summation is over all such singlet configurations.
The total number of such possible coverings is m!.
Numerical simulation shows that the GGM of the
ground state, |ψ〉f , increases with m (see Fig. 3). For
example, for N(= 2m) =16, the GGM is 0.44. From the
figure (Fig. 3), it is plausible that the GGM will possi-
bly converge to some value close to the maximum GGM
value (G ≈ 12 ).
The discussions in the preceeding and current sub-
sections indicate that highly frustrated systems, having
maximum or near-maximum frustration degree, are max-
imally genuine multipartite entangled.
C. 2D J1 − J2 − J3 Heisenberg Model
Let us consider a 2D square lattice containing 4m2 spins,
having J1 − J2 − J3 antiferromagnetic Heisenberg inter-
actions with periodic boundary conditions. For certain
specific values of the interaction strength, the entire spin
lattice can be visualized in terms of m2 square tetramers
of neighboring spins called plaquettes [26].
The Hamiltonian of such a model can be written as
HH = J1
∑
〈i,j〉
~σi · ~σj + J2
∑
〈〈i,j〉〉
~σi · ~σj + J3
∑
〈〈〈i,j〉〉〉
~σi · ~σj ,
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FIG. 3. (Color online.) GGM (G) for the cooled state of the
RVB gas, with respect to the total number of spins, N =
2m. We observe that the G is an increasing function of N .
Dimensions are the same as mentioned in Fig. 2.
where J1 is the interaction strength for the nearest
neighbor and near diagonal spins on the same plaque-
tte, J2 is for the nearest neighbor and near diagonal
spins on adjacent non-diagonal plaquettes, and J3 is
for the next-nearest neighbor and next-nearest diagonal
(knight’s move away) on adjacent non-diagonal plaque-
ttes. The summations in the Hamiltonian occur accord-
ing to the permissible spin interactions.
The frustration degree of the 2D J1 − J2 − J3 Heisen-
berg model is relatively lower than the highly-frustrated
systems considered in Sec. IVA and Sec. IVB. For sys-
tems with, e.g. J2=J3=0, the frustration degree of the
system is F = 12 .
For specific choices of the relative spin interaction
strengths in the spin model, the ground state configu-
ration is formed by a pair of either horizontal (|hh〉) or
vertical singlets (|vv〉) in each of the m2 plaquettes. The
number of plaquettes containing |hh〉 or |vv〉 is deter-
mined by a pre-fixed density term, D= v
m2
, where v is
the number of plaquettes that are |vv〉 for every cover-
ing. The cooling procedure can be implemented in the
following way. The initial, unnormalized, state can be
written as a product of the individual plaquette super-
positions, |ψ〉in =
∏m2
k (α|hh〉 + β|vv〉)k , similar to the
case for the Ising gas. The final state is independent of
α and β. The quenched (unnormalized) final state is of
the form
|ψ〉f =
∑
[[|hh〉,|vv〉]]
|vv〉⊗Dm2 ⊗ |hh〉⊗(1−D)m2 . (8)
The summation [[|hh〉, |vv〉]] is over all possible combi-
nations of |vv〉 and |hh〉, for fixed D, which respects the
relative density D1−D . We consider D = 1/2, which is the
state with the highest degeneracy, viz.
(
m2
m2/2
)
.
We observe, from calculations, that the GGM de-
creases as the size of the system is increased. The system
6has very low genuine multipartite entanglement. For ex-
ample, G is equal to 0.25, for N(=4m2) = 4 (single pla-
quette) and reduces to 0.045, for N=16 (4 plaquettes).
For non-square plaquette arrangement we again observe
that G decreases with increase in the total number of
spins. For example, we find that G is 0.1 and 0.0265 re-
spectively for a lattice with N equal to 8 and 24 spins,
respectively.
D. The Majumdar-Ghosh Model
The Majumdar-Ghosh model [27] is a particular case of
the AFM one-dimensional J1 − J2 model with J2/J1 =
1
2 . It is interesting to note that in the entire J1 − J2 –
plane, the the ground states are exactly known only on
the J2/J1 =
1
2 line. The Hamiltonian for the model is
given by
HMG = J1
∑
〈ij〉
~σi · ~σj + J1
2
∑
〈〈ij〉〉
~σi · ~σj , (9)
where 〈ij〉 and 〈〈ij〉〉 respectively denote the nearest
neighbor and next-nearest neighbor interactions. Pe-
riodic boundary conditions are assumed. The ground
states of this model, for 2m spins, for J2J1 =
1
2 is doubly
degenerate and is given by the following unnormalized
state:
|G1,2〉 = Πmi=1
1√
2
(|02i12i±1〉 − |12i02i±1〉).
The system is moderately frustrated with frustration de-
gree F= 12 . The cooled state (unnormalized) in this case
can be written as |ψ〉f = |G1〉 + α|G2〉, where α can be
any complex number.
Let us first consider the case when α is real and max-
imize the GGM for all real α. The first step is to obtain
the optimization involved in the calculation of G and sec-
ond one is to maximize it over all possible initial states.
Instead of the latter step, we maximize over all α, and
hence the obtained value of the GGM is, strictly speak-
ing, an upper bound, in case the optimal α cannot be
reached by cooling a product state. It can be shown
that the maximum eigenvalue is always obtained from
the 2 : 2m − 2 bipartition. Due to the symmetry of
the state, there are two distinct 2 : 2m− 2 bipartitions,
the corrsponding two distinct two-particle states being
ρ12 = tr3...2m(|ψ〉〈ψ|f ) and ρ23 = tr1,4...2m(|ψ〉〈ψ|f ).
The maximum eigenvalues of ρ12 and ρ23 can be ana-
lytically derived, and are respectively given by
e1 =
2m+2 + 16α+ 2mα2
4(2m + 4α+ 2mα2)
, and
e2 =
2m + 16α+ 2m+2α2
4(2m + 4α+ 2mα2)
.
The optimal value corresponds to α = 1, for all m, and
this corresponds to e1 = e2.
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FIG. 4. (Color online) The GGM (G) of the cooled state for
the Majumdar-Ghosh model, with respect to the total number
of spins, N = 2m. We observe that G increases with N and
converges to G ≈ 3
8
for large N . The dimensions of the axes
are the same as mentioned in Fig. 2.
The GGM of the MG model can then be analytically
calculated and is of the form
G = 3
(8 + 24−m)
, (10)
so that for large systems, G → 38 (as shown in Fig. 4).
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FIG. 5. (Color online) The maximum eigenvalues of ρ12 (red,
dark) and ρ23 (green, light) of the MG model for m = 40. In
grayscale, the maximum eigenvalue of ρ12 can be identified
as the surface with a dome-shaped protrusion at the center
of the base. The other surface corresponds to the maximum
eigenvalue of ρ23. The x- and y- axes represent p and q,
respectively. The z-axis represents the maximum eigenvalue
of ρ12 and ρ23 for different values of p and q. The eigenvalues
are equal along the circle, p2 + q2 = 1, which correspond to
the points of maximum GGM. All axes are dimensionless.
7Let us now consider the more general situation when
α is complex i.e., say, α = p + iq. We find that the
maximum G is attained when the highest eigenvalues of
ρ12 and ρ23 are equal, as in the case of real α. This occurs
when p2 + q2 = 1. The optimization of eigenvalues over
complex α is shown in Fig. 5. For large system size, G
again converges to 38 as in the case of real α.
E. The Shastry-Sutherland model
The Shastry-Sutherland model [28] is another example
of two-dimensional AFM Heisenberg model on a square
lattice, governed by the Hamiltonian
HSS = J1
∑
〈ij〉
~σi · ~σj + J2
∑
〈〈i,j〉〉
~σi · ~σj ,
with periodic boundary conditions, where J1 is the near-
est neighbor coupling (〈ij〉) while J2 is the couplings for
alternate diagonal (〈〈i, j〉〉). Due to the introduction of
the coupling strength J2, the system is frustrated. The
model received a lot of attention after it was found that
the material properties of the compound SrCu2(BO3)2
can be described by the SS spin Hamiltonian [29].
The ground state of the model, for J1/J2 <
1
2 , is
a product of dimers along those diagonals whose cou-
pling strength is J2. In the regime J1/J2 <
1
2 , the
frustration degree of the system for large system size is
F ≈ 11+(1/2)(J2/J1) < 12 . Since the ground state of the
SS model is product state over many bipartite cuts, the
system has no multipartite entanglement, and hence the
GGM is zero. Hence, we obtain a spin model with low
frustration, F < 1/2, that has zero multipartite entan-
glement.
F. Ising Ring with nearest neighbor interactions
Let us now consider a periodic 1D Ising spin model con-
sisting of 2m spins with nearest neighbor (NN) interac-
tions – the Ising ring. For the Ising ring model, all but
one nearest neighbor interactions are ferromagnetic (−J)
while the remaining interaction is antiferromagnetic (J).
The Hamiltonian of this model can be written as
HRing = −J
2m−1∑
i=1
σzi σ
z
i+1 + Jσ
z
2mσ
z
1 ,
with J > 0. The frustration degree for the spin model is,
F = 1/(2m− 1). Similar to the SS model, this model is
also very weakly frustrated. In the thermodynamic limit,
the model does not have any frustration as F → 0.
The degeneracy in the ground state scales linearly with
m, and is exactly 4m. If the initial unnormalized product
state is chosen as |ψ〉in = Πi(|0〉 + |1〉)i (cf. [30]), the
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FIG. 6. (Color online.) GGM (G) of the Ising Ring cooled
state with respect to the total number of spins, N = 2m. We
observe that G increases with N and is maximally multipartite
entangled (G = 0.5) at the high N limit. The dimensions of
the axes are the same as mentioned in Fig. 2.
projected cooled state is given by
|ψ〉f =
m−1∑
k=0
|0⊗(2m−k)1⊗k〉+ |1⊗(2m−k)0⊗k〉
+|0⊗(2m−k−1)1⊗(k+1)〉+ |0⊗(k+1)1⊗2m−k−1〉. (11)
To calculate the multipartite entanglement using the
GGM, one has to find the highest eigenvalue of each n :
2m−n bipartitions. It can be shown that the maximum
eigenvalue that contributes to the GGM is from the 2 :
2m− 2 bipartition. Therefore, the GGM is given by
G = 3m− 1−
√
4 +m2
4m
.
As evident from the Fig.6, G reaches the maximum value
1
2 , for large m. The initial state that is chosen for this
calculation is therefore an optimal one, atleast in the in-
teresting region of large m. The value of GGM obtained
for the Ising ring is in contrast to the result obtained for
the Shastry-Sutherland model in Section IVE, where a
weakly frustrated system led to zero GGM in the cooled
state.
The discussions in the different subsections of this sec-
tion lead us to the potential characterization of frustrated
systems. Highly frustrated systems are highly genuine
multiparty entangled. However, weakly frustrated sys-
tems can have a high or a low genuine multiparty en-
tanglement. This is in direct contrast with the result
obtained for area law in frustrated systems, where it is
the weakly frustrated systems which follow the novel area
law, while each of the strongly frustrated ones have their
own area laws [14].
8V. CONCLUSION
The study of quantum correlations in frustrated quan-
tum spin systems is important for several aspects in many
body physics and quantum information processing, in-
cluding for example the realization of a quantum com-
puter on a many-body platform. Manipulation of highly
entangled many-body systems requires a clear under-
standing of the underlying quantum correlation charac-
teristics that enable precise control and knowledge of the
possible quantum applications in information theory and
computation. Frustrated spin states have been simulated
in experimental studies and offer exciting possibilities in
harnessing the power of quantum correlations.
We have studied the behavior of multipartite entan-
glement for paradigmatic frustrated quantum spin sys-
tems, ranging from highly frustrated models to weakly
frustrated ones. We use a geometric measure to compute
the genuine multiparty entanglement present in such sys-
tems. The obtained pattern of multipartite entanglement
is highly non-intuitive and does not evolve from known
bipartite quantum correlation behavior. We observe that
the highly frustrated systems are always near-maximally
genuinely multiparty entangled. However systems with
moderate or low frustration defy any specific behavior in
terms of its genuine multipartite entanglement.
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